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Abstract. Adsorption of argon at its boiling point in finite cylindrical pores is considered by means of the non-local
density functional theory (NLDFT) with a reference to MCM-41 silica. The NLDFT was adjusted to amorphous
solids, which allowed us to quantitatively describe argon adsorption isotherm on nonporous reference silica in the
entire bulk pressure range. In contrast to the conventional NLDFT technique, application of the model to cylindrical
pores does not show any layering before the phase transition in conformity with experimental data. The finite pore is
modeled as a cylindrical cavity bounded from its mouth by an infinite flat surface perpendicular to the pore axis. The
adsorption of argon in pores of 4 and 5 nm diameters is analyzed in canonical and grand canonical ensembles using
a two-dimensional version of NLDFT, which accounts for the radial and longitudinal fluid density distributions.
The simulation results did not show any unusual features associated with accounting for the outer surface and
support the conclusions obtained from the classical analysis of capillary condensation and evaporation. That is, the
spontaneous condensation occurs at the vapor-like spinodal point, which is the upper limit of mechanical stability
of the liquid-like film wetting the pore wall, while the evaporation occurs via a mechanism of receding of the
semispherical meniscus from the pore mouth and the complete evaporation of the core occurs at the equilibrium
transition pressure. Visualization of the pore filling and empting in the form of contour lines is presented.
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1. Introduction

The capillary phenomenon in adsorption systems at-
tracts attention of scientists for nearly a century. A new
impulse to further investigation of adsorption mecha-
nism is associated with the recent discovery of high-
ordered mesoporous M41S materials (Kresge et al.,
1992; Beck et al., 1992). One of the representatives of
M41S family is the MCM-41 series of siliceous materi-
als, which have a hexagonal arrangement of cylindrical
pores. The pore size distribution (PSD) of MCM-41 sil-
ica is quite narrow, and its pore diameter is reliably de-
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termined independently by the XRD technique (Kruk
et al., 1997a, 1997b; Dabadie et al., 1996). This is the
reason why such materials can be used for experimen-
tal verification of different theories. Thus, it was shown
that the Barrett–Joyner–Halenda (BJH) method (1951)
of determination of PSD of adsorbents based on the
Kelvin equation with a correction for the statistical film
thickness (Gregg and Sing, 1982) substantially under-
estimates the pore size (Lastoskie et al., 1993). Some
improvement of the Kelvin equation in an empirical
manner suggested by Kruk, Jaroniec and Sayari (KJS)
(1997c) has led to a quantitative description of the fill-
ing pressure versus diameter in the case of argon and
nitrogen adsorption in MCM-41 series. This method
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has been successfully applied for the PSD analysis us-
ing the adsorption branch of the experimental isotherm.
From the theoretical viewpoint the most rigorous clas-
sical theory is that of Broekhoff and de Boer (BdB)
(1967a; 1967b; 1968a; 1968b; 1968c). This theory re-
lies on the adsorption isotherm on the reference non-
porous adsorbent having the same chemical structure
of the surface as that of the pore walls. This is a rather
critical assumption as it is generally expected that the
surface of a porous material is not necessarily the same
as that of the reference non-porous adsorbent. Nev-
ertheless, it is often that this assumption is implicitly
accepted in the analysis of porous materials. Results
obtained with the BdB theory agree well with those
obtained with more rigorous molecular approaches
for the pore diameter larger than 7 nm (Neimark and
Ravikovitch, 2001). Accounting for the dependence of
surface tension on the meniscus curvature improved the
BdB theory (Sonwane and Bhatia, 1998; Bhatia and
Sonwane, 1998; Sonwane et al., 1998). However, the
most adequate representation of adsorption mechanism
in cylindrical pores may be achieved only with molecu-
lar approaches such as the non-local density functional
theory (NLDFT) (Ravikovitch et al., 1997; Ravikovitch
and Neimark, 2000, 2001; Neimark and Ravikovitch,
2001; Ravikovitch et al., 2001) and Monte Carlo sim-
ulation method (Neimark et al., 2000; Vishnyakov and
Neimark, 2003). All classical and molecular theories in
general support the classical explanation of the reason
for the hysteresis advanced long ago (Everett, 1967). In
accordance with this representation the capillary con-
densation occurs at the pressure (so called the vapor-
like spinodal point) at which the metastable adsorbed
film wetting the pore walls loses its mechanical stabil-
ity, immediately followed a spontaneous filling of the
pore volume. The evaporation occurs via a mechanism
of receding of the semispherical menisci from the open
ends of the cylindrical pore, and the evaporation of the
inner core is completed at a pressure corresponding to
the equilibrium transition. Nevertheless, the pattern of
relationships in the adsorption mechanism even in the
simplest case of cylindrical geometry is not completely
understood. Moreover, the experimental observation in
many cases unambiguously contradicts to theoretical
predictions. For example, it was found from experi-
mental data on nitrogen adsorption and desorption in
MCM-41 silica at 77 K that the adsorption and desorp-
tion isotherms are reversible for pores of the diameter
up to about 4 nm (Kruk et al., 1997a; Franke et al.,
1993; Branton et al., 1993), above which a hysteresis

loop occurs. This pore diameter of 4 nm is called the
critical hysteresis pore diameter. Results from the DFT
simulation give a value of 2 nm (Ravikovitch et al.,
1997), which is far below that observed experimen-
tally. This discrepancy was explained by accounting for
the surface wall roughness, which causes the so called
single-pore blocking effect (Inoue et al., 1998; Kruk
et al., 2000). However, the estimation of the pore wall
roughness of 0.1 nm given by Inoue et al. (1998) to pro-
vide the reversibility observed experimentally seems to
be underestimated due to some thermodynamic incor-
rectness in the analysis of the desorption branch of the
isotherm. Another way to overcome this difficulty was
explored by Maddox et al. (1997) who introduced a
two-dimensional periodic function for the solid–fluid
potential in cylindrical pores to account for the ener-
getic heterogeneity of the silica pore walls. This al-
lows them to extend the reversible part of the conden-
sation/evaporation pressure–diameter dependence up
to the size of 2.8–3.2 nm.

Another problem is the lower limit of the hysteresis
(Gregg and Sing, 1982; Kruk et al., 1997c; Ravikovitch
and Neimark, 2001; Thommes et al., 2002; Kruk and
Jaroniec, 2000; Kruk and Jaroniec, 2001). In the case
of nitrogen adsorption at 77 K and argon adsorption at
87 K the hysteresis is not observed at relative pressures
below 0.42 and 0.38, respectively. Besides, the steep-
ness of desorption branch increases in the proximity
of the lower limit of the hysteresis, which is not as-
sociated with the narrow pore size distribution (Kruk
et al., 1997c; Kruk and Jaroniec, 2000). It seems to
indicate that the evaporation occurs at the same pres-
sure for pores of different diameters around of 4 nm
(in the case of nitrogen) as if the stretched liquid were
broken at a definite negative pressure. This argument
is in line with the tensile strength hypotheses (Kadlec
and Dubinin, 1969; Burgess et al., 1970; Selvam et al.,
2001). However, so far this hypothesis has not been
justified with the molecular approaches.

One more problem is that which branch of the
isotherm is the equilibrium branch. The classical vi-
sion of the hysteresis phenomenon associates the evap-
oration with the equilibrium transition point. However,
some authors relying on experimental data found (or
implicitly assumed) that the adsorption branch is closer
to the true equilibrium (Branton et al., 1993; Kruk et al.,
1997c; Kruk and Jaroniec, 2002; Morishige and Ito,
2002; Morishige and Nakamura, 2004). For example,
Morishige et al. (2002; 2004) investigated the depen-
dence of the chemical potential at the condensation
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and evaporation pressures on temperature for different
species and pore diameters. This dependence is proved
to be the straight line for the capillary condensation
pressure in all range of temperature, while the depen-
dence for the capillary evaporation pressure exhibits a
kink at the hysteresis critical temperature. It suggests
that below the hysteresis critical temperature it is the
capillary condensation that occurs at thermodynamic
equilibrium, rather than the evaporation. Some support
of this conclusion was recently obtained by comparison
of the experimental capillary condensation pressure–
diameter dependence for nitrogen and argon adsorp-
tion at their respective boiling points and the curve for
equilibrium transition predicted by the NLDFT (Usti-
nov and Do, 2004b; Ustinov et al., 2005b, 2005c). It
was shown that for a definite value of the surface area
of the reference non-porous silica these curves com-
pletely coincide, while the experimental evaporation–
diameter curve cannot be described by the calculated
equilibrium transition curve at all, no matter what value
of the surface area of the reference silica is chosen.

All aforementioned experimentally observed fea-
tures of adsorption systems have not been properly ex-
plained in the framework of the one-dimensional model
of infinitely long cylindrical pore. This suggests that
some light may be shed on this problem by analysis
of filling and evaporation of the cylindrical pore from
the pore mouth. Monte Carlo simulations provided re-
cently for finite silica-like cylindrical pores seem to
support such an expectation (Gelb, 2002). It was found
that accounting for open pore mouths substantially re-
duces the width of hysteresis loop, with the pore end nu-
cleating the capillary condensation. On the other hand,
molecular simulations in a very long simulation cell of
108 collision diameters did not show any multi-domain
structure near to the pressure of capillary condensation.
It means an extremely low probability of spontaneous
formation of liquid-like bridges, which would nucleate
the condensation below the vapor-like spinodal point.
Molecular dynamic calculations of adsorption hystere-
sis in narrow cylindrical pores with open ends in canon-
ical ensemble (Heffelfinger et al., 1988), has confirmed
the classical representation that the pore empting oc-
curs via receding hemispherical menisci from the pore
ends at the equilibrium transition pressure that is sig-
nificantly higher than the pressure (liquid-like spinodal
pressure), at which the appearance of bubbles could
be observed in infinitely long pores. The latter was
claimed to be an artifact of periodic boundary condi-
tions. Analogous result was obtained with canonical

Monte Carlo simulation for finite cylindrical pores by
Papadopoulou et al. (1992). Non-local density func-
tional theory was used for analysis of argon adsorp-
tion and desorption in finite cylindrical pores (Ustinov
and Do, 2004a). In this work the pore wall was as-
sumed smooth like graphite surface, which is suitable
for modeling of adsorption in adsorbents like carbon
nanotubes. Application of the two-dimensional Tara-
zona’s version of NLDFT (accounting for the radial
and axial density distribution) has led to solidification
of argon at 87.3 K, which is above the triple point. It
is still not clear, whether the solidification is not an
artifact coming from the mean-field assumption used
in the DFT. Nevertheless, it could be induced only by
the strong radial layering of the fluid due to the smooth
pore wall surface, which provokes the axial density os-
cillation resulting in the ordered (hexagonal) solid-like
structure with the density markedly larger than that for
the liquid argon (Ustinov and Do, 2004a). It suggests
that in order to prevent the solidification the smooth
pore wall surface should be replaced by the amorphous
surface, which would allow us to model adsorption in
such adsorbents as MCM-41 and SBA-15 silica. As far
as we are aware of, there are no attempts to consider the
mechanism of adsorption and desorption in open-ended
cylindrical pore by means of 2D NLDFT. Besides there
are no works in the literature, which consider the role of
adsorption on the outer surface bounded the cylindrical
pores from their end. Limited attempts along this line
were made (Heffelfinger, 1988; Papadopoulou et al.,
1992; Gelb, 2002; Ustinov and Do, 2004a), in which
the pore mouth is modeled as a single tube, one section
of which exerts an adsorption potential and the other is
just a hard wall. Such a model is simple, but not realis-
tic. At the same time the role of the external surface is
not obvious and it is worthwhile to check, whether the
formation of liquid film on the external surface could
induce the nucleation of capillary condensation or de-
lay the pore empting. In any case it seems to be likely if
the external surface has larger adsorption potential than
the internal cylindrical surface due to, for example, ad-
ditional functional groups like silanols in the case of
silica surface. Such problems have led us to the follow-
ing aims in the present paper. The first aim is to build
an approximate model of application the conventional
non-local density functional theory to adsorption on
disordered solids like silica. Second, we intend to con-
sider the mechanism of condensation/evaporation in
the finite open-ended cylindrical pore by means of the
two-dimensional version of NLDFT (i.e. accounting
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for the axial and radial fluid density distributions) in
canonical and grand canonical ensembles accounting
for the adsorption on the external surface adjoining to
the pore entrance. The canonical NLDFT allows us
to visualize the formation of hemispherical meniscus
separating the liquid-like and the vapor-like sections
of the adsorbed phase and trace its movement during
capillary condensation and evaporation, which could
provide a deeper insight to the real conditions at which
the experimental adsorption is taken place.

2. Model

2.1. Basic Assumptions of NLDFT and its
Application for Confined Fluids

In this paper we rely on the Tarazona’s smoothed den-
sity approximation (Tarazona, 1985; Evans et al., 1986;
Tarazona et al., 1987). In the case of open pore (grand
canonical ensemble) the equilibrium fluid density dis-
tribution in a confined pore volume must correspond to
the minimum of the following grand thermodynamic
potential

� =
∫

ρ(r )[ f (r ) − µ] dr (1)

Here ρ is the local density of the adsorbed fluid; f is
the molecular Helmholtz free energy of the adsorbed
phase; µ is the chemical potential, which is speci-
fied for each equilibrium point. The average number
of molecules N in the pore volume V is

N =
∫

ρ(r ) dr (2)

The amount adsorbed is proportional to N , and the
average fluid density adsorbed in the pore is N/V .
In the case of close system (canonical ensemble) the
number of molecule N in the pore is specified. The
density distribution corresponds to the minimum of the
Helmholtz free energy

F =
∫

ρ(r ) f (r ) dr (3)

It should be noted that for small systems accommodat-
ing a few molecules the Helmholtz free energy may
be different in canonical and grand canonical ensem-
bles (Gonzalez et al., 1997; White and Gonzalez, 2002).
However, in the present paper we deal with mesopores,
rather than micropores. The simulation cell of about

1500 σ ff
3, which we use in the NLDFT analysis, could

accommodate about one thousand molecules. It means
that the difference in the Helmholtz free energy defined
in canonical and grand canonical ensembles is negligi-
bly small.

The chemical potential µ corresponding to a given
number of molecules N is given by

µ =
(

∂ F

∂ N

)
T,V

(4)

The Helmholtz free energy is represented as a sum of
four terms as follows:

f (r ) = kB T [ln(�3ρ(r )) − 1] + fex[ρ̄(r )]

+ uint(r ) + uext(r ) (5)

In the right hand side (RHS) the terms are the ideal
part, the excess part, the attractive potential of the in-
termolecular interactions, and the external potential ex-
erted by the solid, respectively. Here � is the thermal
de Broglie wavelength and kB is Boltzmann’s constant.
The excess Helmholtz free energy, fex(ρ̄), accounts
for repulsive forces and is defined by the Carnahan–
Starling (CS) equation (Carnahan and Starling, 1969)
for the equivalent hard sphere fluid:

fex(ρ̄) = kB T
4η̄ − 3η̄2

(1 − η̄)2
, η̄ = π

6
d3

HSρ̄ (6)

Here dHS is the equivalent hard sphere diameter; ρ̄ is
the smoothed density defined by the Tarazona prescrip-
tion (Tarazona, 1985). The smoothed density ρ̄ is the
following weighting average

ρ̄(r) =
∫

ρ(r′)ω(|r − r′|; ρ̄(r′)) dr′ (7)

The weight function ω(|r − r′|; ρ̄(r′)) could be ap-
proximated with reasonable accuracy by the following
quadratic dependence (Tarazona, 1985).

ρ̄(r) = ρ̄0(r) + ρ̄1(r)ρ̄(r) + ρ̄2(r)(ρ̄(r))2 (8)

with

ρ̄i (r) =
∫

ρ(r′)ωi (|r − r′|)dr′, i = 0, 1, 2 (9)

The weight functionsω0(r),ω1(r), andω2(r) are defined
in the region 0 < r < 2σff (Tarazona et al., 1987).

In the framework of the mean field approximation
the attractive part of the Helmholtz free energy (the
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potential of interaction of a fluid molecule with the
surrounding fluid molecules) is given by:

uint(r) = 1

2

∫
Fluid

ρ(r′)φff (|r − r′|) dr′ (10)

where the pair-wise attractive potential is defined in
the form of the Weeks, Chandler and Andersen (WCA)
equation (Weeks et al., 1971):

φff (r ) =



−εff , r < rm

4εff [(σff /r )12 − (σff /r )6], rm < r < rc

0, r > rc
(11)

Here r and rc is the distance between the molecules
and the cutoff distance, respectively; εff is the potential
well depth; σff is the fluid – fluid collision diameter;
rm = 21/6 σ ff is the distance at which the potential is
minimum.

The external potential inside a pore is usually deter-
mined by integration of the 12-6 LJ pair-wise potential
over the solid volume.

2.2. A Method of Application of the NLDFT
to Amorphous Solids

Up to date the non-local density functional theory has
been mostly applied to model the equilibrium adsorp-
tion only on crystalline surfaces like graphitized car-
bon black. The feature of such a model is that centers
of the surface atoms of the solid are located in the two-
dimensional space, which is either plane (graphitized
carbon black, slit pore wall) or a closed surface of a
simple geometry (cylindrical or spherical pore). The
consequence of such a representation is that the lo-
cus of minimum of the potential exerted by the solid
is also a surface, resulting in the formation of the 2D
molecular layer of the adsorbed fluid. Being a source of
the secondary potential field the first molecular layer
induces the formation of the second molecular layer
with an increase in the bulk pressure, and so forth.
Molecular layering is an inherent feature of a smooth
surface. Therefore using such a surface to model ad-
sorption in amorphous solids like siliceous adsorbents
by using either conventional DFT or Monte Carlo sim-
ulation always gives rise to a large deviation between
theoretical and experimental adsorption isotherms. As
was mentioned above, the extension of NLDFT to 2D
space to determine the fluid density distribution along

radial and axial directions in the cylindrical pore with
smooth wall leads to solidification of a fluid in the
cylindrical pore above its triple point (Ustinov and Do,
2004a). For this reason the conventional approach is not
suitable for analysis of adsorption in finite pores hav-
ing amorphous walls since the solidification in such
pores does not occur at temperatures higher than the
triple point. In this section we briefly describe a possi-
ble way of application of the NLDFT to adsorption on
disordered (amorphous) materials. It should be empha-
sized that we rely on the same basis of the Tarazona’s
NLDFT version developed for one component homo-
geneous or inhomogeneous system in the presence of
an external potential field. Very often, models for crys-
talline solids were applied to solve amorphous solids.
Such an application is not correct as amorphous solids
do give rise to disordered structure of the adsorption
phase, and the distinction between the adsorption be-
havior in crystalline solids and that in amorphous solids
must be made clear. This distinction is usually ignored
in numerous applications of the NLDFT to adsorption
in siliceous materials like MCM-41 and SBA-15. In
such cases the quantitative description of experimental
isotherms has never been achieved, and the disagree-
ment between the model predictions and the data is
attributed to a high energetic heterogeneity of those
materials. From our viewpoint the latter is definitely
inherent to siliceous materials, but it is not the main
reason of the discrepancy between theoretical and ex-
perimental isotherms.

There are some theoretical works in which disor-
dered solid materials are considered in the framework
of quenched–annealed (QA) systems (Madden, 1992;
Given, 1995; Schmidt, 2002). In this case the solid is
treated as a frozen (quenched) liquid, while the fluid
is represented as annealed part of the system allowed
to equilibrate. Such systems are interpreted as binary
mixtures of solid and fluid and their physical quantities
are written as double ensemble averages. First average
is performed over all degree of freedom of the fluid
molecules (keeping the solid atoms fixed) and the sec-
ond average is taken over the matrix. The statistical
thermodynamics of such systems is rather involved.
The behavior of QA systems can be described using
the Rosenfeld’s Fundamental Measure Theory (FMT)
(Rosenfeld, 1989; Kierlik and Rosinberg, 1991), which
is extended to multicomponent mixtures.

We developed an alternative method, which consid-
ers the solid–fluid interaction in a similar way that it
does for the fluid–fluid interaction, that is the pair-wise
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interaction potential between a solid atom and fluid
molecule is split into the repulsive term accounted for
by the excess Helmholtz free energy and the WCA term
for the attractive forces. In doing so, we take the DFT
inherent advantage to deal with disordered structures.

2.2.1. Excess Helmholtz Free Energy in the Proxim-
ity of the Solid. According to Eqs. (6), the excess
Helmholtz free energy, fex(ρ̄), increases with the in-
crease of the dimensionless variable η̄ (or the smoothed
density ρ̄). If η̄ is zero the repulsive forces are also
zero, which corresponds to the limiting case of rarefied
gas that obeys the ideal gas law. If η̄ tends to unity
the excess Helmholtz free energy will tend to infinity,
which corresponds to the maximum possible density
ρm = 6/(πd3

HS). The volume in the proximity of a given
point could be partly occupied by molecules of another
fluid or solid atoms, which would contribute to the in-
creasing of the excess free energy and, consequently,
repulsive forces. It allows us to introduce an effective
local density of a given point as follows (Ustinov and
Do, 2005a). This effective local density is equal the
fluid density if that point is outside the solid, and it
is equal the maximum density ρm (instead of zero) if
the point is within the solid region. Such approximation
implies that fluid molecules do not penetrate to the solid
due to infinitely large repulsive forces arising formally
at ρ = ρm . Hence, if we do not distinguish the fluid
molecules and the solid atoms in terms of their con-
tribution to the increase of the excess Helmholtz free
energy, the weight functions of Tarazona’s smoothed
density (Eqs. (9)) in the vicinity of the solid surface
may be rewritten as follows:

ρ̄i (r) =
∫

Fluid
ρ(r′)ωi (|r − r′|) dr′

+ ρm

∫
Solid

ωi (|r − r′|) dr′, i = 0, 1, 2

(12)

If solid–fluid repulsive forces are accounted for explic-
itly in uext, for example, in the form of 9-3 LJ potential
for the flat surface, the contribution of the solid to the
excess Helmholtz free energy fex is very small. This
is because the first molecular layer is formed at a dis-
tance of about one solid–fluid collision diameter from
the surface, while at a shorter distance the fluid density
becomes extremely small due to the repulsive term of
the external potential uext. On the other hand, weight

functions ω0(r) and ω2(r) are zero for r > σff , and the
weight function ω1(r) is relatively small at a distance
between the first molecular layer of the fluid and the
surface. For this reason the conventional NLDFT and
the approach accounting the contribution of the solid
to the smoothed density produce nearly the same re-
sults in the case of adsorption on the crystalline surface.
However, the situation drastically changes if the repul-
sive term of the solid–fluid interaction is accounted for
only in the excess Helmholtz free energy, like in the
case of NLDFT application to fluid–fluid interactions.
In this case it is necessary to exclude the repulsive term
from the LJ solid-fluid potential.

2.2.2. Attractive Solid–Fluid Potential. To exclude
the repulsive term from the solid—fluid potential (as
it is already accounted for in the excess Helmholtz
free energy) we will use the same perturbation scheme
(Weeks et al., 1971), developed for the fluid–fluid in-
teractions. Since the both parts of the system fluid–
solid are disordered, this approach is quite self-
consistent. Hence, for the fluid–solid potential one can
write:

uext(r) =
∫

Solid
φs f (|r − r′|)ρ(s)

V dr′ (13)

The integral is taken over the solid volume; ρ
(s)
V is the

number solid density, which is assumed to be constant.
Since the free energy to be minimized is attributed only
to fluid, the solid–fluid potential is considered as the
external potential. In this case we do not account for
the solid–fluid interaction twice, and, hence, the multi-
plier 1

2 at the integral must be dropped. The solid–fluid
pair-wise potential is given by the following equation
similar to Eqs. (11):

φs f (r ) =



−εs f , r < r (s)
m

4εs f [(σs f /r )12 − (σs f /r )6], r (s)
m < r < r (s)

c
0, r > r (s)

c

(14)

Here εs f , and σ s f are the solid–fluid potential well
depth and the solid–fluid collision diameter, respec-
tively; r (s)

c is the cutoff distance.
To summarize, the functional to be minimized in

grand canonical ensemble is

� =
∫

Fluid
ρ(r )[ f (r ) − µ] dr (15)



Modeling of Adsorption in Finite Cylindrical Pores 461

The condition of minimum of grand thermodynamic
potential leads to the following system of equations:

kB T ln[�3ρ(r)] + fex[ρ̄(r)]

+
∫

Fluid+Solid
f ′
ex[ρ̄(r′)]ρ(r′)

∂ρ̄(r′)
∂ρ(r)

dr′

+2uint(r) + uext(r) − µ = 0 (16)

where uint and uext are defined by Eqs. (10) and (13),
respectively. The prim at fex denotes the derivative of
fex with respect to the smoothed density ρ̄. The above
equation may be solved by an iteration procedure to
produce the density profile. It should be noted that Eqs.
(16) is obtained with the assumption that the solid is
thermodynamically inert. In terms of the attractive part
of solid–fluid potential it does not introduce any diffi-
culties as the attractive potential modeled by the WCA
equation is completely accounted for in the Helmholtz
free energy. This is because we drop the multiplier 1/2
in Eqs. (13). However, in the general case one must ac-
count for the change of the excess Helmholtz free en-
ergy of solid atoms in the proximity of the surface due
to the change of the fluid density. It means that the min-
imization procedure of the grand thermodynamic po-
tential has to be done for the whole solid—fluid system.
In this case Eqs. (16) would involve an additional term
associated with the derivative of the excess Helmholtz
free energy of the solid with respect to the fluid density.
For the sake of simplicity at present stage we assume
that the excess Helmholtz free energy of the solid is
constant and will address to this subtlety in our future
communications.

The fluid–fluid molecular parameters dHS, εff , and
σ ff are determined from bulk properties and the surface
tension. The solid–fluid parameters εs f , σ s f , and r (s)

c
may be determined by the least square technique using
the experimental isotherm on the reference non-porous
solid.

2.3. An Example for the System Amorphous Solid
Argon–Liquid Argon

To justify the developed approach let us consider a hy-
pothetical case when the solid has the same density as
the saturated liquid argon at its boiling point and the
solid atoms have exactly the same properties as those
for argon molecules, which is provided by the follow-
ing equalities: εss = εs f = εff , and σss = σs f = σff

(the hard sphere diameter and the cutoff distance are

also assumed to be the same for the solid and fluid).
The only difference between the solid and fluid is that
one part of this system is quenched and the other one
(fluid) is annealed. If we bring these two parts into
contact and equilibrate at the saturation pressure no
density perturbation could be observed in the proxim-
ity of the boundary between the solid and fluid, which
is mathematically natural, as far as the expression for
the Helmholtz free energy does not explicitly reflect
whether the molecules move or remain stationary. Then
the question is what density distribution could be ob-
tained using the conventional method of the DFT appli-
cation to adsorption on a crystalline surface (for sim-
plicity this surface is assumed to be flat). In this case the
fluid (liquid argon) undergoes the external field exerted
by the frozen (quenched) argon, which is a specific
case of adsorption. Since the density distribution in the
frozen argon is uniform, the external potential may be
determined by integration of the 12-6 Lennard–Jones
potential over the frozen volume, which gives the fol-
lowing 9-3 external potential:

uext = 2

3
πρLεff σ

3
ff

[
2

15

(
σff

z

)9

−
(

σff

z

)3]
(17)

where ρL is the number density of liquid and z is the
distance from the center of a given molecule to the
plane passing through all frozen argon molecules lying
on the outermost layer of the solid surface. Having set
the external potential, the minimization of the grand
thermodynamic potential � at the saturation pressure
p0 and the boiling point temperature leads to the den-
sity profile presented in Fig. 1(a). All calculations are
performed for the set of molecular parameters taken
from the paper of Neimark et al. (1998). The bound-
ary between the “solid” (frozen or quenched argon at
the liquid phase density uniformly distributed over the
solid volume) and the liquid argon is denoted by the ver-
tical dash dotted line. The dashed line to the right from
the boundary is calculated with the conventional ap-
plication of the NLDFT, which considers the adsorbed
fluid in the external field exerted by the solid. It is seen
from the figure that the fluid density corresponding to
the conventional consideration shows a great oscilla-
tion, with the density being nearly zero in the prox-
imity of the boundary. Such a behavior is unrealistic
since there are no differences between the frozen and
liquid argon from the viewpoint of mathematical model
and we could expect the uniform density distribution
in the vicinity of the boundary. The density oscillation
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Figure 1. Quenched–annealed system for argon at its boiling point and the saturation pressure. (a) Density distribution near to the solid–liquid
boundary. Vertical dash-dotted line denotes the boundary between frozen (quenched) argon (to the left) having the same density as that for the
liquid argon, and annealed argon (to the right). The dashed line is plotted with the conventional NLDFT applied for the condition that the frozen
argon exerts the external 9-3 LJ potential. Thin horizontal short-dashed line corresponds to the true situation when the frozen and liquid argon are
brought in contact. The solid line to the right from the boundary is plotted with the developed NLDFT approach treating the solid and the fluid
as a binary mixture, but the penetration of the centers of fluid molecules to the solid (beyond the dash-dotted line) is prohibited. (b) Solid–fluid
potential. (Solid line) equivalent external potential at which the density distribution obtained in the conventional NLDFT is the same as in the
developed approach; (dashed line) 9-3 LJ potential derived for the quenched (frozen) argon; (dash-dotted line) the equivalent external potential
corresponding to the conventional NLDFT leading to the uniform density distribution (see the text).
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is an artifact coming from the implicit substitution of
the disordered structure of the frozen argon with its
crystalline form (i.e. ordered structure). Indeed, it is
implicitly assumed that centers of the outmost solid
atoms are located exactly on the flat surface, which is
the solid–fluid boundary, resulting in that the repul-
sive forces are infinitely large close to the boundary.
This is the reason why the fluid density is zero on the
solid surface. On the other hand, the potential mini-
mum is the locus in the form of the plane parallel to
the solid surface at a distance close to the collision di-
ameter, which leads to the formation of a high peak
of fluid density at this distance. The solid line to the
right from the solid–fluid boundary shows a result of
application of the approach developed in this paper. As
it was described above, our model uses two simplifica-
tions, that is, (a) the fluid molecules cannot penetrate
to the disordered (amorphous) solid, and (b) the excess
Helmholtz free energy of the solid is not affected by
the fluid. These assumptions are not completely correct
(otherwise we would not obtain any density oscillation
in the special case under consideration), but it seems
reasonable and it makes the approach more general. It
is seen from the figure that our model also leads to the
decaying density oscillation, but the amplitude of the
oscillation is much lower than that in the case of con-
ventional NLDFT application. Note that the first peak
of the fluid density is located exactly at a distance of
half the collision diameter, i.e. closer to the amorphous
solid surface compared to the conventional solution.
This is a consequence of the assumption that centers of
the fluid molecules cannot cross the solid–fluid bound-
ary, but could reside directly on this boundary. Hence,
it is implicitly assumed that the surface of a disordered
solid material is rough in a sense that there are troughs
and elevations. The consequence is that fluid molecules
in the contact layer are distributed along the normal to
the solid surface with variation of about one collision
diameter and the maximal probability corresponding to
one half of the collision diameter.

It is interesting to raise a question how the external
potential exerted by the solid (the frozen argon in
the case under consideration) has to change with the
distance from the surface to obtain the same density
distribution that was obtained with the developed
approach? It could be easily done with the use of the
same Eqs. (16), in which the smoothed density is de-
termined by the original Eqs. (8), (9). Since the density
profile for a specified bulk pressure is known from the
developed approach, the unknown variable in Eqs. (16)

is the effective external potential uext. This potential is
plotted in Fig. 1(b) by solid line. For comparison the
dashed line is calculated for the 9-3 LJ potential (Eqs.
(17)). As is seen from the comparison the attractive
parts of the external potential are quite close to each
other. The fundamental difference lies in the repulsive
part of the potential. The conventional consideration
treating the solid as the crystalline one leads to an
extremely sharp increase of the potential towards the
solid, which prevents fluid molecules to approach the
surface closer than about 0.6 σ ff . In contrast to that,
the developed approach leads to substantially broader
potential well mainly due to dispersion of the repulsive
branch of the solid–fluid potential. This dispersion
reflects a fundamental distinction between amorphous
and crystalline solids. Again, one could come to the
conclusion that solid atoms constituting amorphous
surface do not lie on the 2D plane, but are dispersed
anyhow near this surface. What it means is that
some fluid molecules could occupy troughs between
neighboring surface atoms, while the other molecules
undergo the strong repulsive forces from prominent
atoms of the surface. Such a dispersion of adsorbed
molecules in the contact layer could be formally
described by means of the decrease of the repulsive
forces exerted by the solid. The dash-dotted line in
Fig. 1(b) is plotted using Eqs. (16) with the assumption
that the fluid density distribution in the proximity of the
surface is uniform and equal to the liquid argon density.
Hence, the dash-dotted line reflects the variation of the
equivalent potential exerted by the amorphous solid
(or liquid) argon in the framework of the conventional
NLDFT, which reproduces the homogeneous density
distribution. One can see that the approximate model
developed for amorphous solids leads to the equivalent
solid–fluid potential (solid line), which is quite close
to the exact solution (dash-dotted line). It confirms
the applicability of the NLDFT based approach to
describe adsorption on amorphous surfaces.

2.4. Application of the NLDFT to the Finite
Cylindrical Pore

To calculate the density distribution in the proximity of
the pore entrance we introduced the simulation cell that
comprises of two parts (see the sketch in Fig. 2). One
part is the cylindrical section adjacent to the pore mouth
having width equal to five times the fluid–fluid colli-
sion diameter and the radius of six collision diameters
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Figure 2. Scheme of the simulation cell to model argon adsorption in finite (or semi-infinite) pore accounting for the pore mouth. The mirror
image boundary conditions were applied along surfaces denoted with dashed lines.

larger than the pore radius. The boundary condition for
the surface opposite to the pore mouth was defined as
mirror image. In the proximity of the cylindrical sur-
face of this part of the cell we set the uniform radial
density distribution, with the density outside the cell
being the same as the density at the cylindrical bound-
ary inside the cell at the same distance from the plane
passing through the pore mouth. The surface boundary
which is perpendicular to the pore axis was assumed to
have the same properties as those for the pore wall to
allow adsorption both inside the pore and on the exter-
nal surface. The second part of the cell is the cylindrical
section representing the inner part of the pore having a
length of 20 σ ff . The boundary condition on the cross-
section opposite to the pore mouth was defined as a
mirror image as well. The pore axis and the radius were
divided into equal segments having a thickness of one
tenth of the collision diameter, which means that the
fluid and the solid are represented as a set of concen-
tric rings. The mass of such a ring inside the pore is
proportional to the fluid density at given radius and
z-coordinate, and the mass of the solid ring is propor-
tional to the solid density and its perimeter. For each
pair of rings we defined the discrete set of Tarazona’s
weighted functions and that of WCA potentials as a
3-parametric function of their radii and the difference
of z-coordinates.

In canonical ensemble we specified the total amount
adsorbed inside the cylinder and on the external sur-
face. The amount adsorbed was calculated only inside
the cylinder to exclude the contribution of the adsorp-
tion on the external surface as its area is chosen arbitrar-
ily. Also, we determined the amount adsorbed on the

internal boundary. Since this boundary is far away from
the pore mouth, one should expect that the amount ad-
sorbed determined for this cross-section coincides with
that for the infinite cylindrical pore.

3. Results

3.1. Argon Adsorption on Non-porous Silica and
MCM-41 at 87.3 K

Adsorption of nitrogen and argon on non-porous silica
and in cylindrical pores of MCM-41 silica is a special
issue, which is considered elsewhere in details (Ustinov
et al., 2005b, 2005c). In this section we present briefly
the result of application of 1D version of the new ap-
proach to argon adsorption on the flat and cylindrical
surface of infinitely long pores of MCM-41 samples
for the purpose to show how the solid–fluid param-
eters were determined. All molecular parameters are
presented in Table 1.

The fluid–fluid parameters were taken from the paper
of Neimark et al. (1998). The number density of silica
was determined from the value 2.2 g/cm3 accounting
for both silica and oxygen atoms. The solid–fluid po-
tential well depth εs f /kB , the solid–fluid collision diam-
eter σ s f , and the cutoff distance r (s)

c were determined by
the least square technique using the argon adsorption
isotherm on non-porous silica LiChrospher Si-1000 at
87.3 K (Kruk and Jaroniec, 2000). It should be noted
that the parameters depend on the specific surface area
of this sample. The uncertainty of the BET estima-
tion of this area is of about 35 percents, with the BET
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Table 1. Molecular parameters for the system Ar–silica surface.

εff /kB σ ff dHS εs f /kB σ s f rc
(s)/ σ s f ρV

(s)

(K) (nm) (nm) (K) (nm) (nm−3)

Ar 118.05 0.3305 0.3380 95.60 0.3127 4.5 66.15

surface being between 18 and 26 m2/g (Jaroniec et al.,
1999). Interestingly, it does not matter what value of
surface area is chosen, the correlation of the experimen-
tal isotherm is equally good, but the set of solid–fluid
parameters is different for different choice of surface
area. To correctly choose the proper set, we have to rely
on the data of the condensation/evaporation pressure
dependence on the pore diameter (Kruk and Jaroniec,
2000). We found that the experimental dependence of
condensation pressure on the pore diameter is excel-
lently described by the theoretical dependence obtained
for the equilibrium transition pressure if the solid–fluid
molecular parameters are determined for the LiChro-
spher specific surface area of 24 m2/g. The same surface
area we obtained for nitrogen adsorption data, as well.
Thus we conclude that the adsorption branch of the
isotherm corresponds to the true equilibrium and that
the solid–fluid molecular parameters listed in Table 1
corresponding to the value 24 m2/g are correct values.

Figure 3 shows the argon adsorption isotherm on
non-porous silica LiChrospher Si-1000 at 87.3 K. As
is seen from the figure, the description of the exper-
imental isotherm is nearly excellent both in the liner
and logarithmic scales. For comparison we also present
the results obtained from the application of the conven-
tional DFT as the dashed line. In this conventional DFT
we use the 10-4 LJ solid–fluid potential for the interac-
tion of argon molecules with the silica surface oxygen
atoms using the parameters reported by Neimark and
Ravikovitch (2001). The comparison of the curves is a
convincing proof of a high reliability of the developed
approach presented in this paper. We also investigated
a sensitivity of the results to variation of the solid–fluid
molecular parameters. In the first case we increased the
solid–fluid potential well depth εs f by 5 percents, keep-
ing the same solid–fluid collision diameter. The corre-
sponding calculated isotherm is shown in Fig. 3 with
dash-dotted line. In the second case the group εs f σ s f

3

was kept constant, but the solid–fluid collision diam-
eter was increased by 5 percents (dash-double dotted
line). The figure shows that the sensitivity of the re-
sults to the molecular parameters is quite large, which
makes the set of the found parameters sufficiently
reliable.

3.2. Modeling of Argon Adsorption in Infinite
Cylindrical Pore of MCM-41 at 87.3 K

The relation between the condensation and evaporation
pressures and the pore diameter is presented in Fig. 4
for the system Ar – MCM-41 silica at 87.3 K. The pore
diameters were determined independently using XRD
data (Kruk et al., 1997a; 1997b; Dabadie et al., 1996).
The solid line is the prediction of the equilibrium transi-
tion pressure versus diameter, obtained using the devel-
oped version of NLDFT with the solid–fluid parameters
listed in Table 1, which correspond to the choice of the
specific surface area of non-porous silica LiChrospher
Si-1000 of 24 m2/g.

As an example, we present in Fig. 5 a compari-
son of experimental argon adsorption isotherm (only
adsorption branch) at 87.29 K in an MCM-41 silica
sample (Kruk and Jaroniec, 2000) with the prediction
performed with the developed and the conventional
NLDFT models. The pore diameter of the sample
designated as (4.2) determined with XRD technique
is 4.2 nm. Solid line is the prediction using the new
method of application of the NLDFT to amorphous
solids for the pore diameter 4.13 nm. Dashed line
is calculated by the conventional approach for the
same diameter. However, in this case the value 4.13
nm was considered as the diameter available for
the fluid molecules (so called physical diameter), so
the geometrical diameter defined as the distance be-
tween centers of opposite surface solid atoms was
taken by the solid–fluid collision diameter larger, i.e.
4.13 + 0.3 = 4.43 nm. It is seen from the figure
that the conventional NLDFT approach leads to pro-
nounced layering, which is not observed experimen-
tally as well as by the approach developed in this
paper.

3.3. Modeling of Argon Adsorption in Finite
Cylindrical Pore of MCM-41 at 87.3 K

Having developed the model as applied to one-
dimensional tasks like the adsorption on non-porous
silica and infinite cylindrical pores, we now turn to
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Figure 3. Argon adsorption isotherm on silica LiChrospher Si-1000 at 87.29 K in linear scale (a) and logarithmic scale (b). (Circles) experimental
data (Kruk and Jaroniec, 2000); (solid line) the developed version of NLDFT for amorphous surface; (dashed line) the conventional NLDFT.
The dash-dotted line is plotted for the increased value of the solid–fluid potential well depth εs f by 5 percents. The dash-double dotted line is
for the increased solid–fluid collision diameter by 5 percents keeping the group εs f σ s f

3 constant.

analysis of argon adsorption in the finite cylindrical
pore. This is a two-dimensional task, in which we can
obtain in details information about the density variation
both axially and radially.

3.3.1. Finite Pores in Canonical Ensemble. In Fig. 6
we present the adsorption isotherm in the finite pore,
having a diameter of 4 nm. As it was mentioned above,
the amount adsorbed is determined as the integral of
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Figure 4. Experimental dependence of the capillary condensation pressure (open circles) and the capillary evaporation pressure (filled circles)
on the pore diameter for the system ArMCM-41 at 87.3 K (Kruk and Jaroniec, 2000). The solid line is calculated for the equilibrium transition
pressure by the developed approach for the solid–fluid parameters corresponding to the surface area of nonporous silica of 24 m2/g.

Figure 5. Experimental argon adsorption isotherm (adsorption branch) at 87.29 K in a sample MCM-41 designated in (Kruk and Jaroniec,
2000) as (4.2). The solid line is calculated with the developed NLDFT approach for amorphous solids for the pore diameter of 4.13 nm. The
dashed line is plotted with the conventional NLDFT for the solid–fluid molecular parameters reported in Neimark et al. (1998). In both cases
the phase transition corresponds to the equilibrium transition pressure.

the argon density over the pore volume included to the
simulation cell. The length of this cylindrical section
is 20 times the collision diameter (6.61 nm). The part
OAGB of the isotherm corresponds to the liquid-like

film wetting the pore walls, with the AGB section be-
ing the metastable adsorption branch of the isotherm.
Point B is the vapor-like spinodal point where the liquid
film loses its mechanical stability, and at this point the
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Figure 6. Theoretical argon adsorption isotherm in the finite cylindrical pore of 4 nm diameter for the developed version of canonical NLDFT.
Filled points and open points denote the adsorption and desorption branch, respectively. Explanations are in the body.

configuration of adsorbed film switches to one that pos-
sesses two coexisting phases. The bulk pressure jumps
to the point C, corresponding to the equilibrium be-
tween the liquid-like phase filling the core of the pore
and the gas-like phase closer to the pore mouth. Further
increase of the amount adsorbed leads to a small in-
crease the equilibrium bulk pressure. But as the menis-
cus advances toward the pore mouth where the potential
field exerted by the solid is less than that away from the
pore mouth, the bulk pressure increases faster to com-
pensate for this low solid–fluid potential field. We did
not approach the saturation pressure to avoid the con-
densation in the section of simulation cell outside the
pore, which would lead to blocking the pore by liquid.
The decrease of the amount adsorbed (filled circles) is
accompanied by the decrease of the bulk phase pres-
sure, with the isotherm being nearly reversible along
the part EDC. Upon further decrease of the amount
adsorbed from the point C, we observe that the bulk
pressure remains nearly constant up to the point F.
At this point the liquid-like phase completely evapo-
rates from the central part of the pore leading to the
configuration of adsorbed film adjacent to the pore
wall and the gas-like phase spanning the whole core
of the pore. Since the two phase coexistence disap-
pears, the pressure jumps to the point G, which is on
the metastable section of the adsorption branch of the

isotherm. Further decrease of the amount adsorbed is
reversible with respect to the adsorption branch OAGB.
Figure 7 shows the density distributions in the finite
pore for different amounts adsorbed on adsorption and
desorption branches of the isotherm. At the vapor-like
spinodal pressure (point B on the isotherm depicted in
Fig. 6) the adsorbed phase is the liquid-like film cover-
ing the internal pore wall surface and the outer surface
(Fig. 7(a)). It is seen that the film thickness inside the
pore is larger than that at the external surface due to
the enhancement of the solid – fluid potential inside
the pore and, what is more important, because the liq-
uid – vapor interface tends to be smaller, which causes
the thickening of the liquid film. The spinodal point is
the limiting case of mechanical stability of the liquid
film. A small increase of the amount adsorbed leads
to the split of the nearly homogeneous phase into two
coexisting phases (Fig. 7(b), point C in the isotherm).
It is important to note that such a split was not ob-
served in the case of infinite pore regardless whether
we used one-dimensional or two-dimensional version
of the DFT. In the latter case some nucleation were
needed, which we achieved by introducing the ener-
getic heterogeneity of the pore wall. In the case of finite
pore the spontaneous appearance of the liquid phase in
the core of the pore was always observed at the vapor-
like spinodal point no matter how long is the simulation
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Figure 7. Argon density distribution in the finite cylindrical pore of 4 nm diameter. Different plots correspond to following points of the
isotherm depicted in Fig. 6: (a) – B; (b) – C; (c) – D; (d) – F; (e) – G. Contour lines are defined for the specified reduced density ρσ 3

ff , where ρ

is the number argon density, nm−3. The reduced density of liquid argon is 0.76. (Continued on next page.)

cell. It means that the pore entrance may act as a nucle-
ation site. Once the condensation has occurred, some
amount of the adsorbed fluid moves from the neighbor-
hood of the pore mouth to the central part of the pore to
achieve lower potential energy. By this reason the film
thickness on the external surface and in the vicinity of
the pore mouth inside the pore becomes thinner, which
corresponds to the smaller equilibrium bulk pressure.
This is the reason why the pressure jumps from the
spinodal pressure to the point C on the isotherm corre-
sponding to the equilibrium transition pressure. Further
increase of the amount adsorbed leads to the movement
of the nearly semispherical meniscus dividing the two

coexisting phases toward the pore mouth. For the first
period the bulk pressure remains nearly constant and
equal to the equilibrium transition pressure. However,
as the meniscus approaches the pore entrance, it falls
into the region where the potential exerted by the solid
is smaller. It leads to the gradual increase of the bulk
pressure, which becomes sharper as the meniscus is
closer to the pore entrance. At point D the pressure is
the same as that for the spinodal point B. Figure 7(c)
presents the argon density distribution at this point. In
the open pore (grand canonical) when the bulk pres-
sure is specified after the spinodal point is reached the
amount adsorbed suddenly increases corresponding to



470 Ustinov and Do

Figure 7. (Continued).

the transition from the point B to the point D. Hence, the
sequence of Fig. 7(a) and (c) shows what happens inside
the pore at the pressure of the spinodal condensation.

During the decrease of the amount adsorbed the
meniscus moves toward the center of the pore. When
the meniscus is sufficiently far away from the pore
mouth the bulk pressure becomes nearly constant and
equal to the equilibrium transition pressure. Since the
simulation cell is finite in length with mirror-image
boundary conditions, the central part of the pore is a
finite bridge spanning from the meniscus to its mirror
image. If the bridge is sufficiently thin, it loses its me-
chanical stability and disappears. It can be observed in
the point F of the isotherm for which the density dis-
tribution is shown in Fig. 7(d). At this point the width

of the bridge is about 4.2 collision diameters, that is,
about 1.3 nm. Once the bridge is destroyed, the pres-
sure suddenly increases, and the system moves from
point F to point G of the isotherm. At this point G the
density distribution is shown in Fig. 7(e). Note that the
increase of the length of the cell leads to the decrease of
the specific amount adsorbed at which the bridge dis-
appears. This is because the contribution of the mass
accumulated in the bridge at the point of the limit of
its stability to the total amount adsorbed in the whole
pore volume in this case decreases. Hence, in the lim-
iting case of infinitely long pore the desorption branch
of the isotherm lies on the curve EDCA, with the com-
plete evaporation exactly corresponding to the equi-
librium transition pressure. Consequently, modeling of
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Figure 7. (Continued).

adsorption in the cylindrical pore (no matter how long
it is) accounting for the pore entrance unambiguously
supports the classical scenario that the capillary con-
densation occurs at the vapor-like spinodal pressure,
which is the upper limit of mechanical stability of the
metastable adsorption branch of the isotherm, while the
capillary evaporation occurs at the equilibrium transi-
tion pressure via receding of the menisci toward each
other.

The considered mechanism of adsorption in the fi-
nite pore allows us to reconstruct the isotherm for the
case of infinitely long cylindrical pore. In the central
part of the pore far away from its mouth the density
distribution along the pore axis is homogeneous. Con-
sequently, the amount adsorbed determined in the sec-

tion of the pore, far away from the pore entrance must
be the same as that in the infinite pore of the same
size. Argon adsorption isotherms calculated with the
canonical version of NLDFT for semi-infinite pores of
different diameter accounting for the pore mouth are
presented in Fig. 8. Open and filled symbols denote
the adsorption and desorption branches of isotherms,
respectively. All adsorption branches terminate at cor-
responding spinodal points, and upon a minute addi-
tion of adsorbate the pressure sharp jumps from vapor-
like spinodal point to equilibrium transition pressure,
at which coexisting phases exist. Desorption branches
terminate at the equilibrium transition pressures. Ver-
tical dashed lines designate the evaporation pressure,
which always coincides with the equilibrium transition
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Figure 7. (Continued).

pressure. Horizontal dashed lines designate the split of
the liquid-like film homogeneously covered the pore
wall surface into two sections, which occurs at the
vapor-like spinodal point. The new phase appeared in
the central part of the pore is the liquid-like fluid fill-
ing all pore volume in this section. The second phase
is the liquid-like film coexisting with the vapor in the
core of the pore. The two sections are separated by
the semispherical meniscus that once appeared starts
moving towards the open ends of the pore with an in-
crease of the amount adsorbed. Solid lines in the figure
are obtained with the same model of two-dimensional
NLDFT applied to the infinite pore. In this case the
pore entrance was not accounted for and the simula-
tion cell was a section of the infinite pore, with the

boundary conditions at the two ends of the simulation
cell are those of mirror images. In this case the density
distribution was homogeneous along the pore axis irre-
spective of the amount adsorbed in the simulation cell,
which is equivalent to the case of the one-dimensional
NLDFT accounted for only radial density distribution.
As is seen from the figure, for pores larger than 2 nm
the isotherm calculated for the infinite pore has the
backward part between the vapor-like and the liquid-
like spinodal points. However, in reality such a sce-
nario cannot be realized due to the presence of the pore
mouth. During adsorption the pore mouth inevitably
nucleates the condensation at the vapor-like spinodal
pressure, leading to the appearance of the two phases,
which can coexist only at the equilibrium transition
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Figure 7. (Continued).

pressure. During the desorption the menisci start re-
ceding from the open ends of the pore exactly at the
equilibrium transition pressure, with this pressure re-
maining constant until all liquid-like phase is evapo-
rated from the core of the pore. Note that the spinodal
points appear for pores larger than 2 nm. It means that
the dependence of condensation/evaporation pressure
on the pore diameter predicted by the developed version
of the NLDFT is reversible for pores smaller than 2 nm,
which is an agreement with the result obtained with the
conventional NLDFT. It should be also noted that the
isotherms obtained with the 2D DFT accounting for
the pore entrance and those corresponding to the one-
dimensional task for the infinitely long pore completely

coincide for the adsorption branch up to the vapor-like
spinodal point and for the desorption branch down to
the equilibrium transition pressure, which confirms the
correctness of the applied technique.

3.3.2. Finite Pores in Grand Canonical Ensemble.
Experimentally adsorption isotherms are measured at
specified values of the bulk pressure. This situation
corresponds to the grand canonical ensemble, which
implies that the pore is allowed to exchange mass with
the surrounding via the open pore ends. Let the bulk
pressure be the vapor-like spinodal pressure and imag-
ine that the mass transfer through the pore mouth is
much slower than any rearrangement of the density
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Figure 8. Argon adsorption isotherms calculated with the canoni-
cal NLDFT version accounting for the pore mouth of semi-infinite
cylindrical pores at the following pore diameters (nm): 2 (circles), 3
(squares), 4 (triangles up), and 5 (triangles down). Open and filled
signs denote adsorption and desorption branch of the isotherm, re-
spectively. The amounts adsorbed for diameter 4, 3, and 2 nm are
incremented by 8, 16, and 24 mmol/cm3, respectively. Solid lines
are plotted with the canonical NLDFT for infinite pores. Horizon-
tal dashed lines denote the spontaneous condensation in the central
part of the closed pore as a result of redistribution of the adsorbed
fluid with the appearance of liquid-like and vapor-like coexisting
phases. Vertical dashed lines denote the spontaneous evaporation at
the equilibrium transition pressure.

distribution inside the pore. Such an assumption is rea-
sonable if the length of the pore is sufficiently large.
It allows us to assume that the sudden density redis-
tribution associated with the capillary condensation in
the pore occurs at a specified total amount of the fluid,
i.e., in the canonical ensemble. As it was shown in the
previous section, the capillary spinodal condensation
leads to the sharp decrease of pressure from that at
the vapor-like spinodal point to the equilibrium bulk
phase. However, since the actual pressure in the bulk
phase is kept the same as that for the spinodal point
(i.e., greater than the equilibrium transition pressure)

in the canonical ensemble, the additional amount of the
fluid will enter the pore through its ends until the sys-
tem comes to the global equilibrium, corresponding
to the completely filled pore. We provided computa-
tions in the grand canonical ensemble with the same
2D NLDFT version for the finite pore of 5 nm to il-
lustrate the equivalence of the results obtained in the
canonical and grand canonical ensemble (which is, of
course, expected, since the Helmholtz free energy de-
fined in the canonical and grand canonical ensembles
are supposed to be the same). The isotherm is pre-
sented in Fig. 9. In this case the amount adsorbed is
calculated as the average density inside the simulation
cell between its inner boundary and the pore mouth. It
is seen from the figure that the capillary condensation
occurs exactly at the vapor-like spinodal pressure de-
termined with the canonical NLDFT. The desorption
branch calculated by the grand canonical NLDFT co-
incides with that obtained by the canonical NLDFT for
the finite pore. The capillary evaporation corresponds
to the equilibrium transition pressure. Below this pres-
sure the adsorption branch coincides with the desorp-
tion branches of the isotherm. Thus, both the canonical
and the grand canonical versions of the NLDFT lead
to the classical scenario that the capillary condensation
in the cylindrical pore with open ends occurs at the
vapor-like spinodal pressure, which is the upper limit
of the metastable adsorption branch of the isotherm,
while the capillary evaporation occurs at the equilib-
rium transition pressure via a mechanism of receding
menisci from the pore ends. Thus, in this paper we
showed that in the framework of 2D non-local density
functional theory there are no any additional peculiar-
ities associated with the pore entrance. At the same
time, the problem of reversibility, the closure point of
the hysteresis loop and seemingly equilibrium adsorp-
tion branch of the isotherm needs further efforts.

Conclusions

We considered the mechanism of capillary condensa-
tion and evaporation in the cylindrical silica-like pore
with open ends by means of the two-dimensional non-
local density functional theory. The pore silica surface
is amorphous and the solid-fluid interaction is deter-
mined in the same framework as done for the fluid-fluid
interaction. This is one of the important points of the
paper, and with this approach we are able to describe
the adsorption on non-porous surface extremely well.
Such an excellent agreement between the DFT results
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Figure 9. Calculated argon adsorption isotherm in the finite cylindrical pore of 5 nm at 87.3 K. Black and grey signs correspond to the canonical
(close pore) and the grand canonical ensemble (open pore), respectively. Open signs denote the adsorption and filled signs denote desorption.
The figure shows that the isotherms calculated with the canonical and grand canonical NLDFT versions are in complete agreement. The capillary
condensation pressure determined in the grand canonical ensemble is the vapor-like spinodal pressure determined in canonical ensemble. The
capillary evaporation pressure corresponds to the equilibrium transition pressure.

and experimental data was never possible if the surface
is treated as a crystalline surface. The density distribu-
tion was determined in the proximity of the pore mouth
along the adsorption and desorption branches of the
isotherm accounting for the adsorption on the external
surface at passing through the pore entrance. The anal-
ysis of the hysteresis phenomenon has been done with
the canonical and grand canonical NLDFT. Both ver-
sions of the NLDFT support the classical scenario that
the capillary condensation occurs at the vapor-like spin-
odal pressure and the evaporation occurs at the equi-
librium transition pressure via receding of the menisci
from the pore ends.
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